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Abstract 
In the field of Civil Engineering, non-Newtonian fluids such as water-cement mix, SCC (Self Compacted 
Concrete) and benthonic are widely used. In this article, water-clay mix flow in dam break problem is 
studied numerically. Water-clay mix rheology is assumed as Bingham fluid. As the water-clay mix flow in 
the dam break problem is a free surface flow with large deformation, SPH method is used for the 
simulation. To verify the simulation results, the predicted results such as free surface shape and leading 
edge position have been compared with experimental data. The simulation is then used to determine 
parameters of motion which are difficult to measure in the laboratory. These results include exciting mass 
from gate position at each time step, height of fluid at a particular point, and leading edge velocity. The 
results also indicate that SPH method is accurate enough for simulation of non-Newtonian fluid flow with 
free surface problems.  
Keywords: SPH method, Dam break, Non-Newtonian fluid, Water-clay mix, Bingham fluid. 

 
 
1. Introduction 
 
Non-Newtonian fluids are widely applied in industry and Civil Engineering. Water-clay mixture, benthonic, 
and concrete are non-Newtonian fluids which used in constructing of the structures. To enhance the 
efficiency in using these materials and their effects on the structures, the reaction between these materials 
with the structures should be determined. Momentum equations govern for all fluid behavior and flow 
characteristics such as velocity, pressure, fluid height, and density changes can be predicted. Momentum 
equations are partial differential equations for which, so far, no exact solution has been found and usually 
are solved numerically. 

The numerical methods are classified into two general groups based on the type of discreting solution 
domain. The first group is the mesh-base numerical methods in which the points have a fixed place during 
the solution such as finite difference method (FDM), finite element method (FEM), and finite volume method 
(FVM). The other group of numerical methods is known as mesh-less methods. In these methods, the 
continuum domain of simulation is discreted into finite number of point and can freely move all over the 
solution domain. These points can have mass, volume, density, and speed. The mesh-less method such as 
SPH can satisfactorily model the free surface flow problems with large deformation, moving boundary, and 
problems with complex geometry where the generated mesh is complicated. 

In the previous studies, water flow in dam break problem was simulated with SPH method. Leading 
edge position, water surface shape, and variation of water height at specific locations were determined [1, 2, 
3]. Hosseini et al. (2007) presented a new fully explicit SPH algorithm for simulation of power-law, 
Bingham-plastic, and Herschel-Bulkley fluid flows. The performance of the proposed algorithm is assessed 
by solving three test cases including a non-Newtonian dam-break problem, flow in an annular viscometer, 
and a mud fluid flow on a sloping bed. The results obtained were in close agreement with the available 
experimental and numerical data [5]. Lee et al. (2010) applied two algorithms of the SPH method (weakly 
compressible and truly incompressible algorithm) for simulation of two problems; i.e., water column 
collapsing in a rectangular tank, and ski-jump spillway downstream of a dam reservoir. They concluded that 
the incompressible algorithm model predicts flow characteristics more accurate compared to weakly 
compressible algorithm predictions [4]. 

In the present investigation, the dam break of the water-clay mixture is studied numerically. The gate 
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is removed instantaneously and the water-clay mixture begins to move. The Navier-Stokes equation for non-
Newtonian fluid in the Lagrangian viewpoint is discretized using the mesh-less SPH method. 
 
 
2. Numerical Modeling 
 
2.1. Governing equations 
Lagrangian governing equations for a two dimensional incompressible flow are expressed as 

0 .vρ
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where D/Dt is the material derivative,  is the density of fluid, v is flow velocity, g is the acceleration of 
gravity,  and  denote the coordinate directions (x or y), p is pressure stress, is shear stress, and δαβ is 
the Dirac Delta function [6]. Equations (1) and (2) are applicable for Newtonian and non-Newtonian fluids 
[7]. It is known that the relations between shear stress and the rate of shear strain for SCC is similar to the 
Bingham fluid given as 
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where μ is dynamic viscosity, τB is the yield stress of fluid, ε is the rate of shear strain, |τ| and |ε| are the 
second invariants of the extra stress and strain rate, respectively. The fluid acts like a rigid matter for shear 
stress less than a critical value of τB [8]. 
 
2.1.1. Equation of state 
 
In the SPH method, the pressure (p) is expressed by the equation of state as p = p (ρ, c), where  is particle 
density and c is the speed of sound. The state equation employed in this study is the Tait's state equation and 
is expressed as  

2

0
1

n
cp  
 

     
   

 (4) 

where  is the reference density and the value of = 7. Generally, the oscillation of density in 
incompressible fluid in numerical methods is allowed up to 1%. In SPH method, it is recommended that the 
speed of sound be considered 10 times more than the maximum speed of the fluid for an incompressible flow 
[9, 10]. 
 
 
2.2 SPH formulation 
 
SPH method divides the domain of solution into a number of discrete particles (N). These particles have a 
spatial distance (h) over which their properties are smoothed by a kernel function. Method of interpolation in 
SPH is an integral descriptive method and the spatial variable is approximated using the available 
information in the local area around the desired point. In SPH method, discretization form of variable f and 
its derivative will be as follows 
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where f is a function of the three-dimensional position vector x, i is for the desired particle which the 
unknown variable is calculated, j are for particles which are placed inside the influence domain of particle i, 
h is the smoothing length which defines the influence domain of kernel function, mj is the mass of the particle, 
and W(xij, h) is the kernel function [11]. The value of f (xi) for the ith point is approximated within the 
particles in the influence domain of the ith particle. The kernel function is normalized over its influence 
domain where  outside this domain, the kernel function gets zero value and within that domain, it gets a 
positive value. In this study, a 3rd order and two dimensional kernel function is used as 
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The values of d for one, two and three dimensional simulations are 1/h, 15/7πh2, and 3/2πh3, respectively 
[12]. 
 
 
2.2.1. Discritization 
 
The derivation of the basic SPH form of Eq. (1) is given as 
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where vij is the difference of the velocities of particles i and j in all directions, and Wij/xi
β is the derivation 

of the kernel function in the considered direction [7]. Eq. (2) is discretized as  
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 where Πij is the artificial viscosity. The right hand side terms of Eq. (9) are the SPH approximation of 
pressure and the existence of viscous forces, respectively, the term i

 is written, based on its discrete 
definition, as 
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Using the Eq. (10) and by calculating strain rate and substituting it in the Eq. (9), the acceleration value of 
each particle is obtained and thus the speed and location of particle in each time step is found [7].  
 
 
2.2.2. Artificial viscosity 
 
For preventing the unphysical oscillations in the numerical results and to simulate shock waves, the artificial 
viscosity in SPH method is used. Many forms of artificial viscosity have been proposed. The Monaghan’s 
type definition for artificial viscosity is as follows 
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The first term in Eq. (11) associated with αΠ produces a bulk viscosity, while the second term associated with 
βΠ is for keeping the particle interpenetration. The values of αΠ and βΠ in Eq. (12), are set approximately 
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equal to 1. The 0.01h2 term is inserted to prevent numerical divergence when two particles are approaching 
each other [13]. 
 
 
3. Simulation of non-Newtonian fluid flow in dam break problem 
 
The water-clay mix was considered in the simulation of the non-Newtonian dam break problem which the 
relation between shear stress and strain rate is governed by the Bingham fluid. The experimental model 
specification are set as L = 2 m, H = 0.1 m, and S = 0.1% where L and H are, respectively, length and height 
of water-clay mixture upstream the gate, and S is bed slope (Fig. 1). The rheological properties for this 
mixture is τ0 = 25 Pa ، μ = 0.07 Pa.s, and ρ = 1200 kg/m3 [1].  

For the verification of the results using the SPH method, it is necessary to determine appropriate 
number of particles. The simulation begins with few particles and the number is increased in the succeeding 
simulations until the simulation results don't change considerably for more particles. This procedure can be 
done with reduced dimensions of the model to save time. The length of model is reduced to L = 1 m. In this 
state, the simulations were done with 250, 1000, 2250, 4000 particles which are equal to 500, 2000, 4500, 
and 8000 particles in the main model. Figure 2 shows the simulation results for leading edge position for 
various numbers of the particles. It is shown that output results for leading edge position in simulation with 
2250 particles is close to results of 4000 particles. For more particles, the results of the simulation will not 
considerably change. The results for the position of leading edge with the 1000 particles are around the 
results of the simulation with 2250 and 4000 particles. The computers with four cores processor and 3.25 GB 
RAM need to 12 hours for the simulation of 1 second of the model with 2250 particles. As such computer 
requires 10 days to simulate 10 seconds of the fluid flow in the main model with 4500 particle. Consequently, 
2000 particles are chosen for simulation of the main model (simulation of main model with 2000 particles is 
equal to simulation with 1000 particles for the reduced model. The solution geometry is divided into 10×200 
particles where the distance of the particles from each other is 10 mm. The left side boundary which is 0.2 m 
is discretized into 40 particles and the bottom boundary which is chosen as 4 m with S = 0.1% is discretized 
into 800 particles with a distance of 5 mm from each other. The gate is lifted instantaneously and the fluid 
begins to move. The simulation continues till the fluid stops moving. Figure 3 indicates the results of 
simulation for times of 0.3, 0.6, 1, and 3 seconds after the removal of the gate. The results obtained by the 
numerical solution of the leading edge position and the laboratorial data are compared and indicated in Fig. 
4. The compression shows that the output results of simulation agree well with the laboratorial data [1].  

To determine the stoppage time of the non-Newtonian flow simulation, the function of root mean 
square (RMS) is used. For value of RMS = 3, the average velocity changes in the particles is about 0.001 
m/s which is negligible. In Fig. 5, the variation of RMS function for flow velocity is shown. This figure shows 
that at t = 6 sec, the RMS function has reached the value of 3 which indicates that the motion of the fluid 
can be assumed as the stoppage time. The fluid free surface profile is also shown in Fig. 6 for different time 
after lifting the gate is well predicted by SPH method. 

 
 

 
Figure 1. Geometry of dam break problem. 
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Figure 2. Leading edge position in simulation with different number of particle. 

 
 
 

 
(a) (b) 

 

 
(c) (d) 

Figure 3. Water-clay mix flow in dam break problem at different times; a) 0.3 sec, b) 0.6 sec, c) 1 sec,  d) 3 sec. 
 
 

 

 
Figure 4. Leading edge position. 
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Figure 5. RMS function for velocity in x and y direction. 

 
 

 

(a) (b) 
Figure 6. Water-clay mix free surface profile at different times after the removal of the gate; a) 0.37 sec, b) 0.67 sec 

(Blue points are SPH particles and red point are experimental data). 
 

Considering the analysis carried out so far, we can conclude that SPH method has a good precision 
in solving the governing equations and simulation of the non-Newtonian fluid flow. More flow characteristics 
can be obtained by this method which are difficult and costly to be produced in experimental works. In Fig. 
7, the variation of the leading edge velocity has been indicated. It is concluded that leading edge velocity 
increases up to t = 0.17 sec and decreases after this time.  

In Figs. 8 and 9, the changes of the mass and height of the fluid have been shown in upstream the 
gate. Figure 8 indicates that the mass of fluid is reduced up to t = 0.4 sec whereafter it gets a constant value. 
This subject complies with the facts that the mass decreases in the upper section of gate due to decrease of 
fluid height and after t = 0.4 sec, the fluid height is fixed and the mass changes become stable. The same 
conclusion is held for the height change of fluid at the gate section (Fig. 9). Also we can use Lagrangian 
property of SPH method for tracking down the path line of a special particle during the simulation process. 
Concerning the fluid flow and model the route of the special particle motion, velocity, and pressure change. 
In Fig. 10, a particle path line with initial position at L = 1.99 m and H = 0.03 m has been indicated during 
three seconds after opening of the gate.  
 

 
Figure 7. Leading edge velocity. 
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Figure 10. Path line for a particle at initial position with L = 1.99 m and h = 0.03 m for 2.25 seconds after the gate 

removal. 
 

 
4. Conclusion 
 
In this study, the water-clay mix flow was simulated in dam break problem using SPH method. Water-clay 
mix was assumed a non-Newtonian fluid of Bingham model. After determining the appropriate number of 
particles for solving the equations and simulation of fluid flow, the output results such as leading edge 
position and the profile of the fluid surface were compared with experimental data. It is concluded that SPH 
method is able to well simulate the flow of non-Newtonian fluids with free surface flow problems. More 
characteristics of water-clay mix flow in the dam break problem such as shape of fluid surface, change of 
fluid mass, and height of fluid at a specific section are obtained which are difficult and costly to obtain in the 
laboratory.  
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